2. INDICES

From arithmetic, we know, for example, that: Note that for the above laws to be applicable, the
8=2x2x2=2 bases of both of the numbers to be multiplied or
16=2x2x2x2=2" divided must be the same.
32=2x2x2x2x2=2°, and so on.

When we write 2°, we refer to 2 as the base and 5 as 3. Law 3 — Power of a power

the index (or the power or the exponent).
Hence, if m is a positive integer, then

axaxax..xa,written a total of m times, is Consider,
expressed as a” , where a is the base and m is the (04)3 =a*xa*xa" =a"
index. (bs )2 B X B
Laws of Indices We can deduce that
1. Law 1- Multiplication (a*)? = a*3® = q??
(b%)? = b5*2 = p10
Consider, It follows that
axa’=(axaxa)x(axa)=a’ (x*) =x"=x"
bx b =bx(bxbxbxbxb)=b O =y ="
We can deduce that In general, the expressiona”, raised to a
@’ xa* =a’*? = a’ power n, is equal to a™" .
b X b2 = p1+5 = p6 )
It follows that, (am) =a""

4 3 443
xtxxd=xt =

y7 x y3 = y10

In general, for any real numbers, m and n, and a 4. Law 4 -Zero Index

common base, a

am Xan — am+n Consider
a6+a6:axa><axaxa><a=
axaxaxaxaxXa
But by Law 2,
2. Law 2 - Division ab = qb = qb=6 = g°
Therefore
Consider, =1
deat=? Xaxaxaxaxa _ 4 This law applies to bases that are whole
axa numbers, fractions, positive, negative, or even
b= h= bxbxbxb _p irrational numbers.
b It follows that
We can deduce that 50 =1
ab = a? = a2 = g* (-4)° =1
b* + b = b*1 = p3 (3)":1
It follows that * a
x7+x3:x7’3:x4 (\/E) =1
8 . . 6_ 86 __ 2
yEy=yo=y In general, any base raised to the power of zero
In general, for any real numbers, m and n, and is equal to one.
a common base, a a® =1
a"+a"=a"""




5. Law 5 — Negative Indices

Consider
a2+a3:—axa =l
axaxa a
But by Law 2,
a?+a®=a*3=q7t
Therefore,
1
a
Consider
b 1
b+bt=—--—""—=—
bxbxbxb b3
But by Law 2,
b+b*=p"*t=p3
Therefore,
1
il

This law is useful when we wish to convert from
fractional form to index form. For example,

1 4
371:1 —4=x4 —2=4b72
3 X b
In general,
L
=aq
alﬂ

7. Fractional indices (numerator # 1)

When the numerator in the fraction is not one,
the base is raised to the power —. This is
n

interpreted as the nth root of the base raised to
the power of m, and the simplification can be
done in any order.

ar =a or (Ya)’

Applying the above rule:
(8)§ :{/(87 or (i/g)z =4
(81)
(-32)

W

=/(81)" or (¥81) =27

w |

Example 1

(8) x4,

Simplify
()

6. Law 6 - Fractional indices (numerator = 1)

Consider

azxa2=a4=\/a—=a2
But by law 3, (a“)% = aA‘X% = q?
Therefore, Va* = (a‘*)%
Similarly,

aXxa=a*=+Va’=a

But by law 3, (az)% = aZX% =a
Therefore, Va? = (az)%
We can deduce that the square root is equivalent to a

power of one-half.
1

So, Va=az
We can repeat this process for cube root and fourth
root and derive the following:

1 1
3 = 4 —
Va=as3 Va = as
The n™ root of a number can be expressed as the

number raised to the power of %

1
Ra = an

Solution
2
(8) V4 gt xa fedx2 4x2 1
(22 )2 2¢ 16 16 2
Example 2
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Example 3

2 3/..3
Simplify 7()} ) V .
2y0 % y4




Solution

() < _ ymxyh% Iy

6+1+4

Example 6

Solve 9" -28(3)" +3=0.

21" %y~ 2()xy™ 2y

=35Y

Solving equations when the unknown is an

index

We can apply the laws of indices to solve equations
when the unknown is an index. In such cases, we
need to have a common base on both sides of the
equation and then we can equate indices. The

2

following examples illustrates these procedures.

Example 4

Solve the equation, 4" x3™ =6 .

Solution
4 x37 =6
27 %3 =6
6> =6

[equating indices]

Example 5

Solve for x: 32 _ 9(3*2*‘) 8.

Solution
32x _9(3—2,\') _ 8
3% - 3% -8=0

(32x)2_8(32x)_9=0 [x32,\‘]
(37 -9)(3 +1)=0
Either (32* —=9) =0or (3% +1) =0
When (32 —9) =0
32X — 32
2x =2 (Equating indices)
x=1
When (32 + 1) =0

32* = —1, x has no real solutions

. x=1 only

Solution

9" _28(3)+3=0
3y -28(3)+3=0
372 _28(3)+3=0
3737 -28(3")+3=0
9(3")* -=28(3")+3=0
9(3*)2 —23(3*) +3 =0
Substitute y = 3*
9y2—-23y+3=0
Oy-D@E-3)=0
y=1 ory=

1 .. 1
Wheny=—, 3" =—
=9 9

3=3"=x=-2
Wheny =3, 3" =3
=x=1

sx=-2or x=1




